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1 Introduction
Chiral-type systems (see, for example, [2]) are systems of partial differential
equations of the form
∆α ≡ Uαxy +G
α
βγU
β
xU
γ
y +Q
α = 0. (1)
Here, Greek indices α, β, γ range from 1 to n, and subscripts denote partial
derivatives with respect to the independent variables x and y. The coefficients
Gαβγ, Q
α are assumed to be smooth functions of variables U1, U2, ..., Un. The
summation rule over the repeated indices is also assumed.
If system (1) is a system of Euler-Lagrange equations, then it is called a
nonlinear generalized sigma model.
Following [10], recall that the characteristic of a conservation law L =
(L1, L2) of system (1) is a set of functions R = {Rα} such that
Div L = DxL1 +DyL2 = Rα∆
α,
where ∆α denotes the l.h.s. of Eq. (1).
By integrable systems, we mean systems admitting a Lax representation,
i.e., systems for which there exist a matrix Lie algebra g and the matrix
g-valued functions A˜, B˜, Sα such that the following identity is fulfilled,
DyA˜−DxB˜ + [A˜, B˜] = Sα∆
α. (2)
1
Remark 1. Note that the set of such matrices Sα in the general case was
investigated by M.Marvan [8], and named a characteristic element of a Lax
representation.
Since system (1) does not contain Uαxx, U
α
yy, the Lax matrices A˜, B˜ satisfy
the conditions A˜ = A˜(Uαx , U
β), B˜ = B˜(Uαy , U
β).
Choose these matrices in the form
A˜ = AαU
α
x +M, B˜ = BαU
α
y +N, (3)
where Aα, Bα,M,N are smooth functions of the variables U
1, U2, ..., Un tak-
ing values in a matrix Lie algebra g.
Remark 2. In all cases known to the author, the Lax matrices for systems
(1) are of form (3) (see, for example, [6] ).
Substituting (3) into (2) and collecting the terms at Uαxy, U
α
y , U
α
x , we find
that
Sα = Aα − Bα, (4)
M,α = [Bα,M ], (5)
N,α = [Aα, N ]. (6)
Here and further, partial derivatives are denoted by comma, i.e., P,α =
∂P
∂Uα
.
Remark 3. Note that form (3) of the Lax representation and the form
of the chiral-type system (1) require Eqs. (5),(6).
Remark 4. Note that Lax matrices (3) do not contain a spectral pa-
rameter. However, if M 6= 0 or N 6= 0 it can be introduced automatically
by the transformation x → λx, y → 1
λ
y. Now, we obtain the following Lax
representation with the spectral parameter
A˜ = AαU
α
x + λM, B˜ = BαU
α
y +
1
λ
N. (7)
Let f : g× g× ...g︸ ︷︷ ︸
p
7→ C be a symmetric p-linear ad-invariant form on g,
i.e., for all x1, x2, ..., xp, y ∈ g the following identity holds:
f([y, x1], x2, ..., xp) + f(x1, [y, x2], x3, ..., xp) + ... + f(x1, x2, ..., [y, xp]) = 0.
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For p = 2 one can take as f the Killing metric of the Lie algebra g.
Remark 5. Let G be a matrix Lie group with the Lie algebra g. Consider
a gauge transformation
A˜→ TxT
−1 + TA˜T−1, B˜ → TyT
−1 + TB˜T−1
generated by a matrix T ∈ G. Under such transformation, the functions
Sα,M,N are transformed according to the rule:
Sα → TSαT
−1,M → TMT−1, N → TNT−1,
and the tensor fields obtained by substituting functions Sα,M,N into ad-
invariant forms on g are invariant. Thus, it seems reasonable to assume that
these tensor fields carry important information about the integrable PDE
system.
The purpose of this paper is to prove the following main theorem that
states that the tensor fields Rα and R˜α defined by the expressions
Rα = f(Sα,M, ...,M︸ ︷︷ ︸
p−1
)), (8)
R˜α = f(Sα, N, ..., N︸ ︷︷ ︸
p−1
)) (9)
are characteristics of conservation laws of system (1).
2 Main theorem and examples
Denote the α−th Euler operator by
Eα =
∑
J
(−D)J(
∂
∂UαJ
),
where the sum extends over all multi-indices J = (j1, j2).
For the sequel, we need the following technical lemma 1.
Lemma 1 Let matrices A˜ and B˜ be of form (3) where Aα, Bα,M,N are
smooth functions of the variables U1, U2, ..., Un that take values in a matrix
3
Lie algebra g and satisfy (5),(6). Assume that f is a symmetric p-linear
ad-invariant form on g.
Then the following identities hold:
Eα(f(DyA˜−DxB˜ + [A˜, B˜],M, ...,M︸ ︷︷ ︸
p−1
)) = 0, (10)
Eα(f(DyA˜−DxB˜ + [A˜, B˜], N, ..., N︸ ︷︷ ︸
p−1
)) = 0. (11)
We will prove this lemma in the appendix.
Theorem 1 Let the chiral-type system (1) admit the Lax representation of
the form (2),(3) in a matrix Lie algebra g. Then for each ad-invariant sym-
metric p-form f of the Lie algebra g, the sets of functions (8),(9) are char-
acteristics of conservation laws of the system (1).
Proof.
We will consider the case of Eq. (8). The case of Eq. (9) can be proved
in a similar way. One can easily verify that coefficients at the first-order
derivatives Uαx , U
β
y in l.h.s. of Eq. (2) vanish whenever Eqs. (5),(6) are
fulfilled.
Substituting (2) in the polynomial f as the first argument, and M as the
remaining arguments, we obtain the relations
f(DyA˜−DxB˜ + [A˜, B˜],M, ...,M) = Rα[U
α
xy +G
α
βγU
β
xU
γ
y +Q
α].
The use of the lemma 1 completes the proof.
Next, we discuss invariant properties of characteristics of conservation
laws.
One can readily verify that under arbitrary non-degenerate transforma-
tions of the variables U1, U2, ..., Un the functions Gαβγ in (1) are transformed
as coefficients of an affine connection. Therefore, we assume that Gαβγ are
Christoffel symbols of an affine connection in the local coordinate system
U1, U2, ..., Un of a space V n. We say that this connection is associated to
system (1), and denote covariant derivatives w.r.t. this connection by ∇α.
Unless otherwise indicated, we consider characteristics of conservation
laws of the form Rα = Rα(U
1, U2, ..., Un) only.
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Theorem 2 A set Rα is the characteristic of a conservation law of system
(1) iff the following conditions are satisfied:
1) Rα is a Killing covector field, i.e.,
∇(αRβ) = 0; (12)
2)
RαQ
α = const; (13)
3) the form ∇αRβdU
α ∧ dUβ is closed, i.e.,
d(∇αRβdU
α ∧ dUβ) = 0. (14)
Proof.
As it is well known (see for example [10]), a function Rα∆
α is a divergence
iff Eβ(Rα∆
α) = 0.
One can readily verify that
Eα(Rβ∆
β) = KαβU
β
xy + L̂αβγU
β
xU
γ
y + Lα,
where
Kαβ = ∇(αRβ), Lα = (RδQ
δ),α,
L̂αβγ = Rα,βγ − (RδG
δ
αγ),β − (RδG
δ
βα),γ + (RδG
δ
βγ),α. (15)
Now, one can see that conditions (12) and (13) are fulfilled. Taking into
account condition (12), Eq. (15) results in
L̂αβγ = (∇γRα)β + (∇βRγ)α + (∇αRβ)γ .
This completes the proof.
Corollary 1 Let the chiral-type system (1) admit the Lax representation of
the form (2),(3) in a compact semisimple Lie algebra g, where:
1) not all of the coefficients Qα vanish;
2) the number n of components of the system (1) and the dimension of
the Lie algebra g satisfy the condition: n ≤ dim g ≤ n+ 1;
3) the matrices Sα are linearly independent.
Then the system (1) admits at least one non-trivial conservation law
whose characteristic Rα depends on U
1, U2, ..., Un and satisfies the condi-
tions (12),(14), as well as RαQ
α = 0.
5
Proof.
First, using the Lax representation (2), we find that 2SαQ
α = [M,N ].
In view of linearly independence of Sα we obtain that M and N are linearly
independent too. Let the 2-form f be the Killing metric on the Lie algebra
g. Taking into account non-degeneracy and positivity of the form f , as well
as and considerations of the dimensionality, we conclude that at least one of
the fields Rα = f(Sα,M), R˜α = f(Sα, N) is non-vanishing. Now, the use of
theorem 2 and the observation that RαQ
α = f(QαSα,M) = f(
[M,N ]
2
,M) = 0
complete the proof.
Remark 6. In general it seems hard to say how many nonzero character-
istics can be constructed by the proposed method. In the following example
1, to each semisimple Lie algebra of rank r, we assign a system for which at
least r linearly independent characteristics can be constructed using theorem
1.
Example 1: Systems associated to semisimple Lie groups [6],[1]. Let
U1, U2, ...Un be local coordinates on a semisimple Lie group G of rank r, g
be Lie algebra of G, and Cαβγ the structure constants of the group G corre-
sponding to a basis of left-invariant differential forms Θα = T αβ dU
β . Thus,
the following equations are fulfilled
dΘα = CαβγΘ
γ ∧Θβ,
T α[µ,ν] = C
α
βγT
β
µ T
γ
ν . (16)
Assume that the matrices A˜ = (A˜αβ), B˜ = (B˜
α
β ) are of the form
A˜αβ = 2C
α
βγ(T
γ
λU
λ
x +M
γ), B˜αβ = 2C
α
βγN
γ ,
where Mα = const and Nα satisfy the equations
Nα,γ = 2C
α
βδT
δ
γN
β . (17)
Using Eqs. (16), one can find that the system (17) is completely inte-
grable, and its solutions are determined by the set of n constants N0 =
(n1, n2, ..., nn).
Now, one can verify that these matrices form the Lax representation of
chiral-type system (1), where
Gσµν = T˜
σ
λ T
λ
µ,ν , Q
σ = 2T˜ σλC
λ
µνN
νMµ,
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and T˜ denotes the inverse matrix of T. Thus, such integrable systems are
determined by two elements M,N0 of the algebra g. Note that characteristic
elements Sα of the Lax representation for these systems are the matrices
Sλ = ||2C
α
βγT
γ
λ ||. These matrices Sλ form a basis of the matrix algebra g.
Let I(g) be the ring of ad-invariant polynomials on g. The known theo-
rem (see, for example, [3]) states that the ring I(g) is generated by precisely
r algebraically independent homogeneous polynomials. Denote the symmet-
ric ad-invariant forms on g obtained by the polarization of the generating
polynomials by f1, f2, ..., fr, of degrees p1, p2, .., pr, respectively.
Fix M ∈ g and consider the linear functional f˜i on g defined by the
equality
f˜i(X) = fi(X,M,M, ...,M︸ ︷︷ ︸
pi−1
), X ∈ g.
Then, by the result of Kostant [5] (see, also, [12]) , the functionals f˜1, f˜2, ..., f˜r
are linearly independent iff M is a regular element of the algebra g.
Now, turning back to the chiral-type system, assume that M is a regular
element of the algebra g.
Note that the characteristic elements Sα of the Lax representation for
these systems are the matrices Sλ = ||2C
α
βγT
γ
λ ||. Such matrices Sλ form a basis
of the matrix algebra g. Thus, the characteristics of conservation laws of the
form Fi = (Fiα) = (fi(Sα,M,M, ...,M︸ ︷︷ ︸
pi−1
)), (i = 1, r) are linearly independent.
Remark 7. Note that the characteristics constructed using theorem 1
are characteristics of order zero, i.e., they do not depend on the derivatives,
and are of the form Fα = Fα(U
1, U2, ..., Un).
Let a chiral-type system be a system obtained from a Lagrangian of the
form
L = hαβ(U
1, ..., Un)Uαx U
β
y +Q(U
1, ..., Un), det(hαβ) 6= 0.
For such systems characteristics obtained using theorem 1 correspond to
symmetries of the form
V = vα(U1, U2, ..., Un)
∂
∂Uα
. (18)
Thus, the number of different characteristics, in the case of variational sys-
tems, is bounded by the number of symmetries of the form (18).
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Suppose that a variational system does not admit symmetries of the form
(18); then all of the characteristics Fα, F˜α vanish. For example, nonlinear
Klein-Gordon equation, Uxy = f(U), does not have symmetries of the form
V = v(U) ∂
∂U
. Thus, all characteristics constructed in the proposed way will
automatically vanish.
Remark 8. If g is sl(2) or so(3), then one can construct first order
characteristics of conservation laws similarly to theorem 1. By a direct com-
putation analogous to the proof of theorem 1, one can verify that functions
Yα = f([Sα,M ], [Sβ,M ],M, ...,M)U
β
x ,
Y˜α = f([Sα, N ], [Sβ, N ],M, ...,M)U
β
y , (19)
where f is a symmetric ad-invariant form on g, are the first order character-
istics of conservation laws.
This construction, and theorem 1, are illustrated in examples 2,3,4 below.
Example 2. Consider the Pohlmeier-Lund-Regge system [7],
∆1 = U1xy +
1
sinU2
(U1xU
2
y + U
1
yU
2
x) = 0,
∆2 = U2xy −
sinU2
(1 + cosU2)2
U1xU
1
y − p sinU
2 = 0,
where p is an arbitrary constant. It will be convenient to write the Lax
representation of PLR system in form (2),(3), where
A˜ =

0 λp− cosU
2U1x
2 cos2 U
2
2
−tg U
2
2
U1x
−(pλ− cosU
2U1x
2 cos2 U
2
2
) 0 U2x
tg U
2
2
U1x −U
2
x 0
 ,
B˜ =

0 −( cosU
2
λ
+
U1y
2 cos2 U
2
2
) − sinU
2
λ
cosU2
λ
+
U1y
2 cos2 U
2
2
0 0
− sinU
2
λ
0 0
 .
Choose the following basis B of the Lie algebra so(3)
−→e 1 =
 0 0 00 0 1
0 −1 0
 ,−→e 2 =
 0 0 −10 0 0
1 0 0
 ,−→e 3 =
 0 1 0−1 0 0
0 0 0
 ;
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then we have
DyA˜−DxB˜ + [A˜, B˜] = Sα∆
α =
 0 tg2U22 −tg U22−tg2U2
2
0 0
tg U
2
2
0 0
∆1
+
 0 0 00 0 1
0 −1 0
∆2.
Thus, w. r. t. the basis B,
S1 = (0, tg
U2
2
, tg2
U2
2
), S2 = (1, 0, 0),
M = (0, 0, p), N = (0, sinU2,− cosU2).
Assume that the 2-form f is the Killing metric of the Lie algebra so(3)
which, w. r. t. the basis B, is δij up to a constant factor. Next, we obtain
R = (f(S1,M), f(S2,M)) = (ptg
2U
2
2
, 0),
R˜ = (f(S1, N), f(S2, N)) = (tg
2U
2
2
, 0).
Indeed, one can verify that the 1-form φ = tg2U
2
2
(U1xdx − U
1
ydy) is the con-
servation law of PLR system with the characteristic R˜ = 1
p
R.
Let us construct a characteristic of the first order. Using expressions (19)
and assuming that f is the Killing form, we obtain
Y1 = p
2U1x tan
2 U
2
2
, Y2 = p
2U2x , Y˜1 = U
1
y tan
2 U
2
2
, Y˜2 = U
2
y .
One can verify that Y and Y˜ are the characteristics of the following conser-
vation laws: p2[(U1x)
2 tan2 U
2
2
+ (U2x)
2]dx− 2p2 cosU2dy and [(U1x)
2 tan2 U
2
2
+
(U2y )
2]dy − 2 cosU2dx, respectively.
Remark 9. It can be proved that PLR-system admits only one conser-
vation law whose characteristic depends on U1, U2. It would be interesting to
investigate in which cases of integrable chiral-type systems all of the charac-
teristics depending on U1, U2, ..., Un can be found by using expression (8),(9).
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Example 3. Consider the 3-component system
U1xy + U
3
xU
1
y ctgU
3 −
1
sinU3
U3yU
2
x+ = 0,
U2xy + U
3
yU
2
xctgU
3 −
1
sinU3
U3xU
1
y = 0,
U3xy + U
1
yU
2
x sinU
3 − p sinU3 = 0,
where p is an arbitrary constant. This system admits the Lax representation
of the form (2),(3), where [1]:
A˜ =
 0 iλM3 −iλM2−λM3 0 iλM1
iλM2 −iλM1 0
 ,
B˜ =
 0 iλ − (cosU3U1y + U2y ) −b31− i
λ
+ (cosU3U1y + U
2
y ) 0 b23
b31 −b23 0
 ,
M1 = p sinU3 sinU2, M2 = −p sinU3 cosU2, M3 = p cosU3,
b31 = sinU
3 cosU2U1y − sinU
2U3y , b23 = − cosU
2U3y − sinU
2 sinU3U1y .
Consider the same basis B and the same 2-form f as in example 1. Then,
we find S1 = (sinU
2 sinU3,− cosU2 sinU3, cosU3), S2 = (0, 0, 1), S3 =
(cosU2, sinU2, 0), andR = {f(Sα,M)} = {p, p cosU
3, 0}, R˜ = {f(Sα,M)} =
{cosU3, 1, 0}. Now, one can see that the set R, up to factor p, is the char-
acteristic of the conservation law (cosU3U2x + U
1
x)dx, and the set R˜ is the
characteristic of the conservation law (cosU3U1y + U
2
y )dy.
Again, using (19) and assuming f to be the Killing form, one can find
Y = (0, U2x sin
2 U3, U3x), Y˜ = (U
1
y sin
2 U3,−U2x , 0) which are the first-order
characteristics of the conservation laws dx
2
[(U3x)
2 + (U2x sinU
3)2]− p cosU3dy
and dy
2
[(U3y )
2 + (U1y sinU
3)2]− p cosU3dx.
Example 4. The Lax representation for the Sine-Gordon equation is of
the form:
A˜ =
(
iλ iUx
2
iUx
2
−iλ
)
, B˜ =
1
4iλ
(
cosU −i sinU
i sinU − cosU
)
,
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then S =
(
0 i
2
i
2
0
)
, M =
(
i 0
0 −i
)
. Now, using Eq. (19), one can
obtain a characteristic of the fist order Y = Ux. Similarly, one gets Y˜ = Uy.
One can see that characteristics Y, Y˜ correspond to the conservation laws
1
2
U2xdx− cosUdy,
1
2
U2ydy − cosUdx, respectively.
Remark 10. Using (7), one can rewrite (8),(9), up to a constant factor,
in the following way
Rα = f(Sα,
∂A˜
∂λ
,
∂A˜
∂λ
, ...,
∂A˜
∂λ
), R˜α = f(Sα,
∂B˜
∂λ
,
∂B˜
∂λ
, ...,
∂B˜
∂λ
).
It turns out that these expressions for characteristics are still valid not
just for chiral-type systems, but in some cases of evolution equations. This
is illustrated in examples 5-8.
In the examples below, we consider sl(2)-valued Lax representation, as-
sume that f is the Killing metric on sl(2), and that Sα is a characteristic
element of the Lax representation.
Example 5: Korteweg de Vries equation. Write the Lax representation
of KdV in the form [9]:
DtA˜−DxB˜ + [A˜, B˜] = i(Ut − 6UUx + Uxxx)
(
1 0
0 −1
)
,
where
A˜ = iλ
(
1 0
0 −1
)
+ i
(
0 U
1 0
)
,
B˜ = −4λ2A˜− 2iλ
(
−U −iUx
0 U
)
+
(
Ux iUxx + 2iU
2
2iU −Ux
)
.
Then, we find S = i
(
0 1
0 0
)
, f(S, ∂A˜
∂λ
) = 0, f(S, ∂B˜
∂λ
) = 8iλ and f(S, ∂B˜
∂λ
)(Ut−
6UUx + Uxxx) = Dt(U) +Dx(−3U
2
x + Uxx).
Example 6: Zakharov-Shabat, or Ablowitz-Kaup-Newell-Segur system
has the form
△1 = Ut − Uxx − 2U
2V = 0, △2 = Vt + Vxx + 2UV
2 = 0.
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ZS-AKNS system has the Lax representation of the form [11]:
A˜ =
(
λ −V
U −λ
)
, B˜ = −2λA˜−
(
−UV Vx
Ux UV
)
,
DtA˜−DxB˜ + [A˜, B˜] =
(
0 0
1 0
)
△1 +
(
0 −1
0 0
)
△2.
Then, we obtain
f(Sα,
∂A˜
∂λ
) = 0
and
f(S1,
∂B˜
∂λ
) = −2V, f(S2,
∂B˜
∂λ
) = −2U.
Now, the following identity holds:
−2V△1 − 2U△2 = −Dt(2UV )−Dx(UVx − V Ux).
Example 7: AKNS 2 × 2 system of the third order [4]. Let us consider
the system
∆1 = −Ut −
1
4
α0Uxxx −
1
2
α1Uxx +
3
2
α0UxUV − α2Ux + α1U
2V − 2α3U = 0,
∆2 = −Vt −
1
4
α0Vxxx +
1
2
α1Vxx +
3
2
α0VxUV − α2Vx + α1UV
2 + 2α3V = 0,
where αi (i = 0, 3) are arbitrary constants. This system admits the Lax
matrices of the form
A˜ =
(
λ U
V −λ
)
, B˜ =
(
b˜11 b˜12
b˜21 −b˜11
)
.
Here
b˜11 = α0λ
3 + α1λ
2 + λ(α2 −
1
2
UV ) +
1
4
(UVx − V Ux)−
1
2
α1UV + α3,
b˜12 = α1Uλ
2 + λ(
1
2
α0Ux + α1U) +
1
4
α0(Uxx − 2U
2V ) +
1
2
α1Ux + α2U,
b˜21 = α1V λ
2 + λ(−
1
2
α0Vx + α1V ) +
1
4
α0(Vxx − 2UV )−
1
2
α1Vx + α2V.
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Then, we obtain f(Sα,
∂A˜
∂λ
) = 0, and the equality f(Sα,
∂B˜
∂λ
)∆α = α0λ(V∆
1 +
U∆2) + (α1V −
1
2
α0Vx)∆
1 + (α1U +
1
2
α0Ux)∆
2. Now, one can verify that
(α0U, α0V ); (α1V −
1
2
α0Vx, α1U +
1
2
α0Ux)
are the characteristics of conservation laws.
Example 8: AKNS 2×2 system of the forth order [4]. Here we consider
the system
∆1 = −Ut − Uxxxx + 8UV Uxx + 6U
2
xV + 4UUxVx + 2U
2Vxx − 6U
3V 2 = 0,
∆2 = −Vt + Vxxxx − 8UV Vxx − 6V
2
x U − 4V UxVx − 2V
2Uxx + 6U
3V 2 = 0.
The Lax matrices for this system are:
A˜ =
(
λ U
V −λ
)
, B˜ =
(
b˜11 b˜12
b˜21 −b˜11
)
,
where
b˜11 = −8λ
4 + 4UV λ2 + 2λ(V Ux − UVx) + UVxx + V Uxx − UxVx − 3U
2V 2,
b˜12 = −8Uλ
3 − 4λ2Ux − 2λUxx + 4U
2V λ− Uxxx + 6UUxV,
b˜21 = −8V λ
3 + 4λ2Vx − 2λVxx + 4UV
2λ+ Vxxx − 6V VxU.
In this case again f(Sα,
∂A˜
∂λ
) = 0. Collecting terms at different powers of λ in
the expressions f(Sα,
∂B˜
∂λ
), similarly to example 7, we find the following three
characteristics of conservation laws
(V, U); (Vx, Ux); (−2Vxx + 4UV
2, −2Uxx + 4U
2V ).
Example 9. The following evolution equation (which is nothing but
MKdV up to a transformation of t),
△ = −Ut + t(Uxxx + 6U
2Ux) = 0,
admits the Lax matrices [4]
A˜ =
(
λ U
−U −λ
)
, B˜ =
(
b˜11 b˜12
b˜21 −b˜11
)
,
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where
b˜11 = −4λ
3t− 2λtU2, b˜12 = −4λ
2tU − 2λtUx − t(Uxx + 2U
3),
b˜21 = 4λ
2tU − 2λtUx + t(Uxx + 2U
3).
One can find that f(S, ∂B˜
∂λ
) = 16tUλ. But in this case the equality EU(tU△) =
0 fails. This example shows that formula f(S, ∂B˜
∂λ
) does not always give char-
acteristics of conservation laws.
3 Conclusion
In this paper we prove that expressions (8),(9) are characteristics of conserva-
tions laws for chiral-type systems admitting a Lax representation. According
to the examples shown above we can propose the following conjecture. As-
sume that an evolutionary AKNS system, whose coefficients do not depend
on t, admits a g-valued Lax representation. Note that by construction of [4],
coefficients of such systems do not depend on x. Then the expressions
Rα = f(Sα,
∂A˜
∂λ
), R˜α = f(Sα,
∂B˜
∂λ
),
where f is the Killing metric on the Lie algebra g, and Sα is the characteristic
element of the Lax representation, form the characteristic of a conservation
laws of the system under consideration.
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5 Appendix
Here, we give proof of lemma 1.
Let us first prove Eq. (10). The case of Eq. (11) can be proved in a similar
way. Denote by R1α = Eα(f(DyA˜,M, ...,M︸ ︷︷ ︸
p−1
)), R2α = Eα(DxB˜,M, ...,M︸ ︷︷ ︸
p−1
)), R3α =
Eα(f([A˜, B˜]),M, ...,M︸ ︷︷ ︸
p−1
)). It is readily verified that collecting the terms at
Uβxy, U
β
xU
γ
y , U
β
x in Riα, i = 1, 2, 3, taking into account Eqs.(5), (6), and ad-
invariancy of the form f, we obtain the relations
Riα = ZiαβU
β
xy + TiαβγU
β
xU
γ
y +WiαβU
β
x ,
where
Z1αβ = 2(p− 1)f(A(α,M,β),M, ...,M), (20)
Z2αβ = 2(p− 1)f(B(α,M,β),M, ...,M)
= 2(p− 1)f(B(α, [B,β),M ],M, ...,M) = 0,
and
Z3αβ = −2(p− 1)f([A(α, Bβ)],M, ...,M), (21)
T1αβγ = (p− 1){2f(A[α,β],M,γ,M, ...,M) + f(Aβ,γ,M,α,M, ...,M)
+f(Aα,M,γβ,M, ...,M) + (p− 2)f(Aα,M,γ,M,β,M, ...,M︸ ︷︷ ︸
p−3
)}, (22)
T2αβγ = (p− 1){2f(B[α,γ],M,β,M, ...,M) + f(Bγ,β,M,α,M, ...,M)
+f(Bα,M,γβ,M, ...,M) + (p− 2)f(Bα,M,γ,M,β,M, ...,M︸ ︷︷ ︸
p−3
)}, (23)
T3αβγ = f([Aβ, Bγ],α,M, ...,M)− f([Aα, Bγ],β,M, ...,M)
−f([Aβ , Bα],γ,M, ...,M) + (p− 1){f([Aβ, Bγ],M,αM, ...,M)
−f([Aα, Bγ],M,β,M, ...,M)− f([Aβ, Bα],M,γ,M, ...,M)}, (24)
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W1αβ = 0, W2αβ = (p− 1)(f(N,β,M,α,M, ...,M)
−f(N,α,M,β,M, ...,M)), (25)
W3αβ = f([Aβ, N ],α,M, ...,M)− f([Aα, N ],β,M, ...,M)
+(p− 1)(f([Aβ, N ],M,α,M, ...,M)− f([Aα, N ],M,β,M, ...,M)). (26)
We claim that all of the coefficients of the expression R1α − R2α + R3α
vanish.
In view of relations (20),(21), and (5), we obtain the condition
Z1αβ − Z2αβ + Z3αβ = 0.
Further, using Eqs. (22)-(24) and the identities of the form
f([Aβ, Bγ],α,M, ...,M) = f([Aβ, Bγ,α],M, ...,M) + (p− 1)f(Aβ,α,Mγ, ...,M),
we obtain the equations:
T1αβγ − T2αβγ + T3αβγ = (p− 1){f(Aα,M,γβ,M, ...,M)
+ (p− 2)f(Aα,M,γ,M,β,M, ...,M︸ ︷︷ ︸
p−3
)− 2f(B[α,γ],M,β,M, ...,M)
− f(Bγ,β,M,α,M, ...,M)− f(Bα,M,γβ,M, ...,M)
− (p− 2)f(Bα,M,γ,M,β,M, ...,M︸ ︷︷ ︸
p−3
) + f([Aβ, Bγ],M,αM, ...,M)
− f([Aα, Bγ],M,β,M, ...,M)− f([Aβ, Bα],M,γ,M, ...,M)}
+f([Aβ , Bγ,α],M, ...,M)−f([Aα, Bγ,β],M, ...,M)−f([Aβ , Bα,γ],M, ...,M).
Denote the sum of the underlined terms by Dαβγ. We claim that Dαβγ =
0. Indeed, using the identities
f([Aα, Bγ,β],M, ...,M) = (p− 1)f(Aα, [Bγ,β,M ],M, ...,M),
f([Aα, Bγ],Mβ ,M, ...,M) = f(Aα, [Bγ,Mβ],M, ...,M)
+(p− 2)f(Aα,Mγ ,Mβ,M, ...,M︸ ︷︷ ︸
p−3
), (27)
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rewrite Dαβγ in the form
Dαβγ = (p− 1)[f(Aα,M,γβ,M, ...,M) + (p− 2)f(Aα,M,γ,M,β,M, ...,M︸ ︷︷ ︸
p−3
)
− f(Aα, [Bγ,Mβ],M, ...,M)− (p− 2)f(Aα,Mγ ,Mβ,M, ...,M︸ ︷︷ ︸
p−3
)
− f(Aα, [Bγ,β,M ],M, ...,M)].
Thus we conclude that Dαβγ = 0.
Define D1αβγ as follows:
D1αβγ = (p− 1)[f([Aβ, Bγ],M,αM, ...,M)− f([Aβ, Bα],M,γ,M, ...,M)]
+f([Aβ, Bγ,α],M, ...,M)− f([Aβ, Bα,γ],M, ...,M).
Using Eq. (27), one can verify that D1αβγ results in
D1αβγ = (p− 1)f(Aβ,M,γα −M,αγ ,M, ...,M),
i.e., D1αβγ = 0.
Denote by D2αβγ = T1αβγ − T2αβγ + T3αβγ . Now taking into account the
previous computations, D2αβγ yields that
D2αβγ = −(p− 1){f(Bα,γ,M,β,M, ...,M)− f(Bγ,α,M,β,M, ...,M)
+f(Bγ,β,M,α,M, ...,M) + f(Bα,M,βγ,M, ...,M)
+(p− 2)f(Bα,M,γ,M,β,M, ...,M︸ ︷︷ ︸
p−3
)}.
Further, using the following identities:
f(Bα,M,βγ,M, ...,M) = f(Bα, [Bβ,γ,M ],M, ...,M)
+f(Bα, [Bγ,M,β],M, ...,M) = −f(M,α, Bβ,γ,M, ...,M)
−f([Bβ , Bα],M,γ,M, ...,M)− (p− 2)f(Bα,M,γ,M,β,M, ...,M),
D2αβγ results in
D2αβγ = −(p− 1){2f(B[γ,β],M,α,M, ...,M) + 2f(B[α,γ],M,β,M, ...,M)
−f([Bβ , Bα],M,γ,M, ...,M).
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Taking into account the identities:
2[B[α,β],M ] = −[Bα,M,β] + [Bβ,M,α] = −[[Bα, Bβ],M ],
2f(B[γ,β],M,α,M, ...,M) = 2f(B[γ,β], [Bα,M ],M, ...,M) =
−2f([B[γ,β],M ], Bα,M, ...,M) = f([[Bγ, Bβ],M ]], Bα,M, ...,M) =
−f([Bγ , Bβ],Mα,M, ...,M),
transform D2αβγ to the form:
D2αβγ = (p− 1){f([Bγ, Bβ],M,α,M, ...,M) + f([Bα, Bγ],M,β,M, ...,M)
+f([Bβ, Bα],M,γ,M, ...,M)}.
In view of relations
f([Bα[Bγ, Bβ]],M, ...,M) = −(p− 1)f([Bγ, Bβ],M,α,M, ...,M)
and Jacobi’s identity, D2αβγ vanishes.
Finally, denote by
△1αβ = W1αβ −W2αβ +W3αβ . (28)
Substituting Eq. (25) and (26) in (28), we obtain the relations
△1αβ = f([Aβ, N ],α,M, ...,M)− f([Aα, N ],β,M, ...,M).
This equation results in
△1αβ = f(N,αβ −N,βα,M, ...,M) = 0.
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